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ABSTRACT 

Many existing pieces of plant equipment do not have original 

impact test data or suffer from a loss in toughness over time. As 

a result, the ability to remove material for testing can be of 

significant value. Often, extraction of sufficient material for 

conducting fracture toughness testing necessitates weld repair 

to fill in the sample location. Some equipment may also require 

stress relief. Use of subsize test specimens that minimizes the 

amount of material removed can permit local thin area 

acceptance criteria to be met and avoids weld repair in most 

cases. However, for subsize specimens that are substantially 

smaller than conventional geometries, it is important to 

examine the limits within which a valid J integral can be 

measured when tests display significant amount of ductility. 

Standards like ASTM E1820-20 provide restrictions on the 

maximum J integral (Jmax) based on specimen thickness (B), 

uncracked ligament length (bo) as well as maximum crack 

growth ∆a. These limits ensure the stress-strain fields at the 

crack tip are well described by J, a condition referred to as J 

dominance. In the first phase of this project, detailed 3D FEA 

analyses of subsize compact tension C(T) specimens (commonly 

called mini-CT) have been performed to explore the criteria 

necessary to obtain a valid measurement of J. This is generally 

considered to be a function of the materials hardening 
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exponent, mode of loading, and the specimen dimensions. One 

methodology to examine if J controlled crack growth exists is to 

evaluate the crack tip stress field, and compare this to the 

theoretical HRR solution. In the case of the mini-CT, due to 

limitations associated with the small specimen size and extent 

of yielding across the uncracked ligament, the two parameter J-

A2 solution was used to extend the range of J dominance. 

Additional modification of J-A2 is made by accounting for the 

effect of global bending on crack tip opening stress (J-A2-M) 

following the procedures developed by Zhu et al. [1] and Chao 

et al. [2] for SEN(B) specimens. The results of this study 

indicate that Jmax for the mini-CT may be given as 𝐽𝑚𝑎𝑥 <
(𝐵𝑛,𝑏𝑜)𝜎𝑜

5
 for typical pressure vessel steels. Where Bn is the 

specimen net thickness, bo is the ligament length and 𝜎𝑜 is the 

yield stress. However, test results as well as consideration for 

plastic collapse suggest that while a valid measurement of 

initiation J (Ji) may be possible, the extent of J controlled crack 

growth is more restrictive than the ASTM E 1820-20 limit of ∆a 

= 0.25bo, and may be closer to 0.08 bo. 

1.0 INTRODUCTION 

In the nuclear industry, testing procedures using miniature 

compact tension C(T) specimens have been developed to 
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monitor the loss in toughness of reactor pressure vessels due to 

radiation exposure [3]. The dimensions are designed to machine 

four C(T) specimens from half of a standard sized fractured 

Charpy bar. A picture of a mini-C(T) alongside various sized 

specimens and a fabrication drawing are shown in Figures 1(a) 

and (b) respectively. 

 

(a) 

 

(b) 

FIGURE 1: MINI-CT SPECIMEN 

These specimens are generally tested at temperatures near the 

lower shelf in order to induce cleavage fracture. To address the 

effect of specimen size in transferring results to standard 

dimensions, methods related to the statistical nature of cleavage 

fracture initiation are used [4], [5]. This approach enables a 

Master Curve to be developed following ASTM E 1921. While 

extremely useful, there are some limitations associated with this 

procedure when applied to the sampling of existing equipment 

used in other industries. The first is that some knowledge of the 

transition curve is generally needed in order to select the 

appropriate testing temperature to develop a Master Curve. 

Ideally, tests are conducted in the transition region just above 

the lower shelf. This increases the probability of cleavage 

fracture  and improves statistical accuracy when extrapolating 

toughness to much higher temperatures [6]. As the toughness of 

steels used for refinery equipment varies greatly, and original 

impact test data are often not available, knowledge of the 

transition behavior is frequently unknown. Secondly, a 

minimum number of valid tests (6) are required to develop the 

Master Curve; however, tests on the order of 12 or more may 

be required to satisfy the ASTM E 1921 validity criteria. In 

some cases this number of specimens may not be feasible while 

still minimizing the amount of material that can be removed 

without weld repair. Moreover, knowledge of toughness at 

operating temperature may be important to understand tearing 

resistance when equipment is exposed to damage mechanisms 

that take place at elevated temperatures where fracture does not 

take place by cleavage. To address these limitations, this work 

focuses on the development of validity criteria for mini-CT 

specimens tested on the upper shelf. This involves determining 

Jmax as a function of specimen dimensions (B, bo), applied load 

and material properties. 

For tests resulting in cleavage after little or no tearing, it can 

generally be assumed that the plastic zone at the crack tip is 

small relative to the specimen dimensions, i.e. small scale 

yielding (SSY). Under these conditions, K and/or J 

characterizes the crack tip stress and strain fields and therefore 

represent valid toughness parameters. However, for tests where 

the plastic zone encompasses a large portion of the uncracked 

ligament, it cannot be assumed a priori that J provides a 

measurement of fracture toughness transferrable from specimen 

to structure. For J to remain a valid fracture parameter, it is 

necessary that both the fracture process zone (FPZ) as well as 

the region of finite strain ahead of the crack tip are contained 

well within the zone of J dominance, as illustrated in Figure 2 
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[7] by the three shaded zones at the crack tip, and compared to 

the HRR3 normalized stress trend. 

 

FIGURE 2: SCHEMATIC ILLUSTRATING J DOMINANCE 

The large influence of geometry and mode of loading on 

measured toughness is well known. This has been demonstrated 

by the observation that testing the same material using 

specimens with different dimensions or loaded in a different 

manner produce significantly different results. The effect of 

geometry and mode of loading on toughness is referred to as 

constraint, which indicates the degree of stress triaxiality at the 

crack tip. The magnitude of stress triaxiality affects the size and 

shape of the plastic zone, that in turn strongly influences 

fracture resistance. Understanding constraint effects on testing 

has practical importance in addressing the transferability of lab 

results to engineering structures. An important aspect of 

standardized fracture toughness testing is that results are 

independent of specimen geometry and can be applied to plant 

equipment without loss of conservatism. To accomplish this, 

specimens are deeply notched and loaded predominantly in 

bending to ensure plane strain conditions along most of the 

crack front. In addition, limits are placed on certain specimen 

dimensions such as thickness and ligament length (B, bo,), 

crack depth to width ratio (
𝑎

𝑊
) and extent of permissible crack 

growth (∆a). In order to explore the limits of J dominance, FEA 

analysis of the crack tip stress field may be performed and then 

compared to theoretical prediction at the same applied J. A 

somewhat arbitrary measure of deviation between them 

(usually on the order of 10%) is chosen to define the point at 

which J dominance is lost [8]. The length scale over which this 

deviation occurs is used to establish minimum specimen 
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dimensions. Shih and German were among the first to study 

specimen dimensional requirements using numerical methods 

[9]. Their analysis indicated that all relevant dimensions must 

be greater than (𝐵, 𝑏𝑜) > 25
𝐽𝐼𝐶

𝜎𝑓𝑙𝑜𝑤
 in bending, and (𝐵, 𝑏𝑜) >

200
𝐽𝐼𝐶

𝜎𝑓𝑙𝑜𝑤
 in tension to ensure valid measurement of JIC. 

Current criteria in ASTM E1820-20 are considerably relaxed 

from those early requirements and are given as follows; 

𝐽𝑚𝑎𝑥 =
(𝐵,𝑏𝑜)𝜎𝑜

10
 and  ∆𝑎𝑚𝑎𝑥 = 0.25𝑏𝑜 (1) 

This study follows closely the approach of reference [8] in 

characterizing crack tip stress fields of SEN(B) specimens, and 

applies them to the mini-CT geometry. The effect of material 

properties is examined by modeling low to high hardening 

exponents (n = 3, 5, and 10) under loads ranging from SSY to 

large scale yielding (LSY). The results confirm that by using 

the J-A2 solution, the region of J dominance can be extended, 

enabling the use of subsize specimens to be used. In the Chao et 

al. [2] study it was demonstrated that for SEN(B) specimens 

eliminating the effect of global bending from the crack tip 

stress field permitted J-A2 dominance (J-A2-M) to be extended, 

and further relaxation of size requirements was possible [1]. 

Here, both approaches are applied to the mini-CT specimen 

geometry.  

Based on J2 deformation plasticity (non-linear elasticity) and 

assuming small strain theory, the classical HRR crack tip 

singular stress field is described by Equation (2) [10], [11]; 

𝜎𝜃𝜃 = 𝜎𝑜 [
𝐸𝐽

𝛼𝜎𝑜
2𝐼𝑛𝑟

]

1
𝑛+1

�̃�𝜃𝜃(𝜃, 𝑛) 

(2) 

Where J is the amplitude of the stress field, 𝐼𝑛 is an integration 

constant that is a function of n, and �̃�𝑖𝑗 is a dimensionless 

function of θ and n describing the angular dependence on the 

stress. Equation (2) is the first term in a series expansion that 

describes the asymptotic increase in stress as the distance to the 

crack tip r→0. The polar coordinate system (r, θ) corresponds 

to the plane normal to the crack front. 

Values for 𝐼𝑛 and �̃�𝜃𝜃 in Equation (2) have been tabulated by 

Shih [12] and Zhang et. al [13]. Assuming the following 

material properties: yield strength 𝜎0 = 303 MPa (44,000 psi), 
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𝐸= 207 GPa (30,000 ksi), n = 3,5,10, α = 1.0, and J = 571 

kJ/m2 (100 psi-in), the normalized HRR stress field along the 

crack front at θ = 0° is illustrated in Figure 3 as a function of 

hardening exponent. 

FIGURE 3: EXAMPLE OF HRR SINGULARITY FOR (n = 

3, 5 and 10), α=1.0 AND J = 571 kJ/m2 ( 100 psi-in) 

Near the crack tip the stress is asymptotic due to the assumption 

of small strain theory, so yielding that results in crack tip 

blunting is not captured. The HRR field provides a good 

description of the crack tip conditions under high constraint. 

For low constraint geometries (shallow cracks or where loading 

is predominantly in tension), the region described by the HRR 

field is reduced. Consequently, valid specimen dimensions are 

more restrictive. To account for constraint effects, use of 

additional parameters are required to describe the crack tip 

stress field more completely. Examples include the hydrostatic 

Q-stress, and the A2 parameter. A good overview of this topic is 

provided by Zhu and Joyce [14]. These two-parameter 

descriptions of the crack tip stress-strain conditions can be used 

to establish valid dimensions for low constraint or subsize 

specimens. In this study, the A2 parameter was used to examine 

validity criteria for the mini-CT geometry. 

2.0 PLASTIC A2 CONSTRAINT PARAMETER 

As plasticity spreads with increasing load, the crack tip stress 

field gradually deviates from the HRR solution and J 

dominance is lost. If this takes place prior to crack initiation, 

measurement of a valid initiation J (Ji) or JIC is not possible. 

Note that here Ji refers to the initial crack growth as measured 

using direct current potential drop (DCPD) methods as opposed 

to the engineering definition of JIC. Comparison of FEA results 

of opening stress (𝜎𝜃𝜃) to prediction made by the HRR solution 

or to a full field solution incorporating additional terms (e.g. 

A2), provides a means of determining the extent of J (or J-A2) 

dominance. Here J describes the amplitude of the crack tip 

stress field and A2 , the second term in the series expansion, 

characterizes the level of constraint at the crack tip. Yang et al. 

[15], performed an asymptotic analysis including HRR and 

higher order terms under loads ranging from SSY to LSY 

conditions. They showed that the stress field can be 

characterized quite well within the region of interest (1 <
𝑟𝜎𝑜

𝐽
<

5) using only three terms, two of which are independent, J and 

A2. It should be noted that this length scale approximates the 

region in which fracture processes for cleavage or ductile 

fracture take place [16], [17]. The three term asymptotic stress 

solution is given as;  

𝜎𝜃𝜃
𝜎𝑜

= 𝐴1 [(
𝑟

𝐿
)
𝑠1

�̃�𝜃𝜃
(1)(𝜃, 𝑛)

+ 𝐴2 (
𝑟

𝐿
)
𝑠2

�̃�𝜃𝜃
(2)(𝜃, 𝑛)

+ 𝐴2
2 (
𝑟

𝐿
)
𝑠3

�̃�𝜃𝜃
(3)(𝜃, 𝑛)] 

 

(3) 

Where the first term is the HRR singularity;  

𝐴1 = [
𝐽

𝛼𝜎𝑜
2𝐼𝑛𝑟

]
−𝑆1

 and   𝑆1 = −
1

𝑛+1
  

(4) 

To enable use of Equation (3) to evaluate A2, the dimensionless 

functions �̃�𝜃𝜃
(𝑘), exponents Sk, and integration constant 𝐼𝑛 

were curve fit by Wang et al. [18] from data compiled from 

Zhang et al. [13] and are used in this analysis. 

It is possible to determine the value of A2 by matching the 

opening stress of the J-A2 solution from Equation (3) with the 

FEA results and parameter values (�̃�𝜃𝜃
(𝑘), Sk , and 𝐼𝑛) [19], 

[20]. This results in a quadratic equation that can be solved for 

A2; 

𝑎𝐴2
2 + 𝑏𝐴2 + 𝑐 = 0 (5) 

Where the coefficients are given as: 

𝑎 = (
𝑟

𝐿
)
𝑆3

�̃�𝜃
(3)
 ,    𝑏 = (

𝑟

𝐿
)
𝑆2

�̃�𝜃
(2)
, 

𝑐 = (
𝑟

𝐿
)
𝑆1

�̃�𝜃
(1)
−
1

𝐴1

𝜎𝜃
𝜎𝑜

 

 

(6) 
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Then A2 is the root from the quadratic formula; 

𝐴2 =
−𝑏 + √𝑏2 − 4𝑎𝑐

2𝑎
 

(7) 

Zhu and Chao [1] demonstrated that J-A2 dominance could be 

extended for SEN(B) specimens under LSY by correcting for 

the effects of global bending. They present three alternative 

approaches for determining A2. The method referred to as the 

"elastic stress estimation" procedure is employed here. As it 

will be followed closely, it warrants briefly summarizing their 

approach. Similar nomenclature to reference [1] is used here for 

clarity. 

As the opening and bending stress acting on the uncracked 

ligament are nonlinear, it is possible to estimate the effect of 

global bending on the asymptotic crack tip field by assuming 

superposition of the J-A2 solution (𝜎𝜃𝜃
𝐽−𝐴2) and global bending 

(𝜎𝜃𝜃
𝑀  ) on the opening stress 𝜎𝜃𝜃 in the crack plane (θ = 0°) as; 

𝜎𝜃𝜃 = 𝜎𝜃𝜃
𝐽−𝐴2 + 𝜎𝜃𝜃

𝑀  (8) 

It has been shown that under LSY the global bending stress 

dominates the crack tip field of bend specimens, and at a 

distance r from the crack tip the opening stress linearly 

distributes over the ligament in the range 1 <
𝑟𝜎𝑜

𝐽
< 5 [21], 

[22]. Their analyses show that the opening stress is also linearly 

related to the applied moment, and gives the global bending 

induced stress on the ligament plane as; 

𝜎𝜃𝜃
𝑀 = 𝐶

𝑀𝑟

𝐵𝑏3
 

(9) 

Where M is the applied moment, and C is a nondimensional 

load independent constant. By modifying Equation (3) with the 

global bending component the new four term solution is given 

as;  

𝜎𝜃𝜃(𝑟,𝜃)

𝜎𝑜
= 𝐴1 [(

𝑟

𝐿
)
𝑠1

�̃�𝜃𝜃
(1)(𝜃, 𝑛)

+ 𝐴2 (
𝑟

𝐿
)
𝑠2

�̃�𝜃𝜃
(2)(𝜃, 𝑛)

+ 𝐴2
2 (
𝑟

𝐿
)
𝑠3

�̃�𝜃𝜃
(3)(𝜃, 𝑛)] +

𝐶𝑀𝑟

𝜎𝑜𝐵𝑏
3
 

 

 

(10) 

Where the opening stress is evaluated along the crack plane (θ 

= 0º). In order to evaluate Equation (10), it is necessary to 

determine the value of C (discussed in Section 3.1). Note that 

while four terms are now used, still only two terms (J and A2) 

remain independent. 

3.0 FEA MODEL OF MINI-CT SPECIMEN 

Evaluation of the crack tip stress field for the mini-CT 

specimen was performed using 3D FEA analysis and compared 

to the HRR singularity as well as the full field assymptotic 

solutions from Equations (2), (3) and (10). When the deviation 

between the FEA result and the analytical solutions exceeds 

~10%, loss of J, J-A2 or J-A2-M dominance is assumed [23], [8]. 

The radial distance at which this ocurrs is used to determine the 

limiting specimen dimensions as a function of the applied load. 

Three work hardening exponents (3, 5 and 10) were evaluated 

as well as four loading conditions covering deformation 

ranging from SSY to LSY. The material properties are shown 

in Table 1, and specimen dimensions in Figure 4. 

TABLE 1 

Yield Stress 303 MPa (44,000psi) 

Ramberg-Osgood Constants n = 3, 5, 10; α = 1  

Maximum Load Pin 

Displacement (∆) 

0.203 mm (0.008 in) 

Elastic Modulus (E) 207 GPa (30,000 ksi) 

Poisson’s Ratio 0.3 

 

 

FIGURE 4: DIMENSIONS OF MINI-CT SPECIMEN 

Shown in Figure 5(a) and 5(b) is the ¼ symmetry FEA model of 

the mini-CT specimen (
𝑎

𝑊
 = 0.5) with a focused mesh at the crack 

front consisting of 20 node reduced-integration brick elements; 

the dark blue circle is the load pin, which is allowed to rotate as 

imposed displacement increases, and the light blue region is the 

crack face.  
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(a) 

 

(b) 

FIGURE 5(a) AND (b): FEA MESH OF MINI-CT SPECIMEN 

The load pin connects to the mini-CT mesh along the top ninety-

degrees of the load pin (nodes are merged), and the sides and 

bottom of the load pin are not connected to the mini-CT mesh 

and a gap opens as the load pin displacement increases. The inner 

plastic zone radius r1= 0.051 mm (0.002 in), and the crack tube 

radius r2 = 0.025 mm (0.01 in). Twenty concentric rings circle 

the crack front, with 10 rings of elements located within the 

plastic zone having a radial length of 0.0051 mm (2 x 10-4 

inches). The material is modeled by the Ramberg-Osgood power 

law assuming incremental plasticity and linear kinematic element 

formulation (small strain theory). A small radius keyhole at the 

crack front is used to accommodate large deformation and 

enhance convergence at high loads, shown in Figure 6. 

Displacement was applied over 20 steps. 

                                                                 

4 FEACrack is licensed from Quest Integrity, Version 3.2.36. 

 

FIGURE 6: SMALL RADIUS KEYHOLE OF 0.0051 mm (1.0 

x 10-4 inch) 

The model was built and post-processed using the crack 

modeling software FEACrack®4, and was run using WARP3D5 

code [24]. 

Chao et al. [2] used a beam analysis with a plastic hinge 

following Broek [25] and Veerman et al. [26] to estimate the 

bending induced stress for the SEN(B) specmen. The same 

approach has been used here for the mini-CT. Chao et al. 

assumed an uncracked rectangular beam with a height equal to 

the ligament bo and thickness of B. The neutral axis of the 

rectangular cross section is taken as the centerline, or the 

midpoint of the ligament, 0.5bo. The elastic bending stress at a 

distance r is given by; 

𝜎𝑀(𝑟) =
𝑀𝑥

𝐼𝑦
 

(11) 

Where 𝑥 is the distance from the neutral axis (𝑥 =
𝑏

2
− 𝑟) and 𝐼𝑦  

is the second moment of interia.  

𝐼𝑦 =
𝐵𝑏3

12
 

(12) 

Note that 𝜎𝑀 is the global elastic bending stress, while 𝜎𝜃𝜃
𝑀  is 

the locally induced bending stress associated with the crack tip. 

The moment M for the C(T) specimen is given by the moment-

arm distance from the load line to the center of the ligament at 

the neutral axis illustrated in Figure 7. 

5  WARP3D Version 18.3.0 is an FEA solver for the evaluation cracks 

developed by University of Illinois 
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FIGURE 7: FEA MODEL USED TO CALCULATE BENDING 

MOMENT 

Here M is given by; 

𝑀 = 𝑃 (𝑎 +
𝑏

2
) 

(13) 

Where P is the force on the load pin, a is the crack length, and 

bo is the ligament length. The elastic bending stress as a 

function of distance is given as; 

𝜎𝑧
𝑀(𝑟) = −

1

2
[𝜎𝑀(𝑟 = 0) − 𝜎𝑀(𝑟)] 𝑓𝑜𝑟 𝑟 ≥ 0  (14) 

Taking the distance from the neutral axis as 𝑥 =
𝑏

2
− 𝑟; 

𝜎𝑧
𝑀(𝑟) =

𝑀 (
𝑏
2
− 𝑟)

𝐼𝑦
 

(15) 

At the crack tip r = 0, so; 

𝜎𝑧
𝑀(𝑟 = 0) =

𝑀 (
𝑏
2
)

𝐼𝑦
 

(16) 

Substituting Equations (16) and (15) into Equation (14) and 

combining terms, 

𝜎𝑧
𝑀(𝑟) = −

1

2
(
𝑀𝑟

𝐼𝑦
) = −

1

2
(

𝑀𝑟

(
𝐵𝑏3

12
)
) =

−6(𝑀𝑟)

𝐵𝑏3
  

(17) 

Inspection of Equation (17) shows the constant C to be -6, and 

the J-A2-M solution, subtracting out the global bending 

component, becomes: 

𝜎𝜃𝜃
𝜎𝑜

−
6𝑀𝑟

𝜎𝑜𝐵𝑏
3
= 𝐴1 [(

𝑟

𝐿
)
𝑠1

�̃�𝑖𝑗
(1)(𝜃, 𝑛)

+ 𝐴2 (
𝑟

𝐿
)
𝑠2

�̃�𝑖𝑗
(2)(𝜃, 𝑛)

+ 𝐴2
2 (
𝑟

𝐿
)
𝑠3

�̃�𝑖𝑗
(3)(𝜃, 𝑛)] 

 

(18) 

The value for A2 in Equation (18) is calculated in the same 

manner as before. 

To illustrate the effect of gobal bending on the mini-CT, FEA 

results for the normalized crack opening stress 
𝜎𝜃𝜃

𝜎𝑜
 distribution 

across the specimen (for n = 5) after a displacement of ∆ = 0.203 

mm (0.008 in) is applied to the load pin is shown in Figure 8. 

 

FIGURE 8: EFFECT OF GLOBAL BENDING ON CRACK 

OPENING STRESS 

The compressive region on the back side of the neutral axis at ≈ 
𝑏𝑜

2
 is due to the influence of global bending on the crack tip 

opening stress 𝜎𝜃𝜃. 

The FEA results for the moderate hardening material n = 5 with 

load level representing SSY (∆ = 0.051 mm (0.002 in), 
𝑏𝑜𝜎𝑜

𝐽
=

106.4) and LSY (∆ = 0.203 mm ( 0.008 in), 
𝑏𝑜𝜎𝑜

𝐽
= 14.3 ) are 

provided here. For brevity, results for n = 3, 10 will be 

summarized in tabular form later.  

b0

a

W

1.27 2.54 3.81

r (mm)
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FEA contour results for the von Mises stress are shown in 

Figures 9 (a) and (b) for the two loading conditions, where grey 

regions are stressed above the yield strength. 

 

∆ = 0.051 mm (0.002 in) 

(a) 

 

∆ = 0.203 mm (0.008 in)  

(b) 

FIGURE 9: MINI-CT VON MISES STRESS SHOWING (a) 

SMALL SCALE YEILDING AND (b) LARGE SCALE 

YIELDING 

Figure 9 (a) shows that at a normalized load of 
𝑏𝑜𝜎𝑜

𝐽
= 106.4, 

only a small fraction of the uncracked ligament exceeds the yield 

stress (grey region), and the plastic zone is contained near the 

crack tip. Figure 9 (b) shows results at 
𝑏𝑜𝜎𝑜

𝐽
= 14.3, where 

yielding extends across the entire ligament representative of 

LSY. The results for J along the crack front through the thickness 

as a function of displacement are shown in Figure 10, where the 

left end of the plot (zero distance) is at the top surface of the min-

CT, and the right side of the plot (distance 1.98 mm (0.078 inch)) 

is at the mid-thickness symmetry plane. 

 

FIGURE 10: J INTEGRAL ALONG CRACK FRONT (n = 5) 

To avoid path dependence at large deformations near the crack 

tip, J was calculated on a remote contour. Shown in Figure 11 is 

a plot of J versus contour number for the maximum displacement 

of 0.203 mm (0.008 in) after step 20. 

 

FIGURE 11: PATH DEPENDENCE OF J INTEGRAL 

For the LSY case J becomes constant after about contour 30. 

Therefore calculations were performed based on results at the 

outermost contour (#38) remote from the crack tip. The crack tip 

stress results were evaluated at the center of the specimen 1.98 

mm (0.078 in). Normalized opening stress (
𝜎𝜃𝜃

𝜎𝑜
) as a function of 

normalized radial distance (
𝑟𝜎𝑜

𝐽
) are compared with the HRR 

field and the asymptotic J-A2 and J-A2-M solutions for the two 
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loading cases. The results are shown in Figure 12 (a) and (b) for 

the n = 5 case, while results for n = 3 and n = 10 follow a similar 

trend and are provided in Appendix 1.  

 
(a) 

.  

(b) 

FIGURE 12: NORMALIZED OPENING STRESS FOR J-A2 

AND J-A2-M SOLUTIONS (n = 5)  

The analysis represents the maximum normalized load of 
𝑏𝜎𝑜

𝐽
=

14.3. Note that the FEA results diverge from the HRR solution 

right away, while the J-A2 , J-A2-M solutions and the FEA results 

are within 10% difference until a normalized distance of about 
𝑟𝜎𝑜

𝐽
= 3.8 and 

𝑟𝜎𝑜

𝐽
= 5.5, respectively. Additional results are 

summarized in Table 2 for both the SSY and LSY cases for n = 5.  

TABLE 2 

 

 

Normalized Load 

𝒓𝝈𝒐

𝑱
  

J-A2 J-A2-M 

𝒃𝒐𝝈𝒐

𝑱
= 𝟏𝟎𝟔. 𝟒 

(SSY) 

 

7.9 

 

10.2 

𝒃𝒐𝝈𝒐

𝑱
= 𝟏𝟒. 𝟑 

(LSY) 

 

3.8 

 

5.5 

 

In the loading range evaluated, the extent of J-A2-M dominance 

exceeds the J-A2 solution by about 20%. Similar results were 

obtained for the other hardening exponents. The A2 parameter 

was evaluated using the approach described previously for both 

the J-A2 and J-A2-M solutions. The results are plotted in Figure 13 

as a function of normalized distance for the three hardening 

exponents n = 3, 5, and 10. 

FIGURE 13: A2 AS A FUNCTION OF NORMALIZED 

RADIAL DISTANCE FROM THE CRACK TIP FOR n = 

3, 5, 10 

As disussed previously, by convention A2 is taken as the average 

over the range 
𝑟𝜎𝑜

𝐽
= 1 − 5. Figure 13 shows that A2 decreases 

with the hardening exponent, and is relatively independent of 

distance, particularly when corrected for the effects of global 

bending. For the n = 3 case the J-A2 solution shows a slight 
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downward slope, while the J-A2-M results are almost completey 

independent of distance. The overall results for the three work 

hardening exponents n = 3, 5, and 10 and four load levels are 

provided in Appendix II.  

4.0 SPECIMEN VALIDITY CRITERIA  

As discussed, specimen size requirements are based on 

maintining J dominance under LSY conditions. For ductile 

materials, it can be assumed that the size of the FPZ is of the 

same order as the finite strain region. This has been shown by 

McMeeking and Parks [27] to be approximately 3 times the 

crack tip opening displacement or 3δt. An explicit relationship 

between δt and J was developed by Shih [23];  

𝛿𝑡 = 𝑑𝑛
𝐽

𝜎𝑜
 

(19) 

Now if r10% is defined as the radial extent at which the full field 

solution diverges from the FEA result, then the validity criteria 

can be stated along with the results from Hutchinson [7];  

3𝛿𝑡 = 3𝑑𝑛
𝐽

𝜎𝑜
< 𝑟 < 𝑟10% 

(20) 

The coefficients for 𝑑𝑛 have been evaluated by Shih et al. and 

are given in Table 3 [23]; 

TABLE 3 

𝒅𝒏  n 

0.2 3 

0.3 5 

0.4 10 

 

Using the values for 𝑑𝑛, the validity critera for various values 

of n can be determined as follows: 

𝑟10% > 3𝑑𝑛
𝐽

𝜎𝑜

=

{
  
 

  
 0.6

𝐽

𝜎𝑜
 𝑓𝑜𝑟 𝑛 = 3

0.9
𝐽

𝜎𝑜
 𝑓𝑜𝑟 𝑛 = 5

1.2
𝐽

𝜎𝑜
 𝑓𝑜𝑟 𝑛 = 10

 

 

 

(21) 

Taking the ratio of maximum normalized radial distance for J 

dominance to normalized load gives the limiting ligament length 

bo; 

𝑟10%𝜎𝑜
𝐽

𝑏𝑜𝜎𝑜
𝐽

=
𝑟10%
𝑏𝑜

 

 

(22) 

The maximum radial distance of J-A2-M dominance over the 

range of loading is summarized for all cases in Table 4. 

TABLE 4 

 n = 3 n = 5 n = 10 

𝒃𝒐𝝈𝒐
𝑱

 (
𝒓𝟏𝟎%
𝒃𝒐

) 
𝒃𝒐𝝈𝒐
𝑱

 (
𝒓𝟏𝟎%
𝒃𝒐

) 
𝒃𝒐𝝈𝒐
𝑱

 (
𝒓𝟏𝟎%
𝒃𝒐

) 

122.3 0.31 106.4 0.10 98.6 0.10 

43.3 0.27 38.0 0.18 34.6 0.18 

23.1 0.49 21.4 0.30 20.0 0.30 

14.7 0.49 14.3 0.45 13.9 0.38 

Average 0.39  0.26  0.24 

 

The limiting case based on the average values for the three 

hardening exponents is 0.24 for n = 10. Therefore from 

Equation (22) it follows that the validity criteria can be 

expressed as; 

𝑟10% = 0.24𝑏𝑜 (23) 

Combining Equation’s (21) and (22) for n = 10 gives the 

limiting ligament size (or conversley Jmax); 

𝐽𝑚𝑎𝑥 <
𝜎𝑜(𝐵, 𝑏𝑜)

5
 

(24) 

This result for the mini-CT is very close to the SEN(B) analysis 

by Zhu et al. [1] who found the limiting dimension, as 𝐽𝑚𝑎𝑥 <
𝜎0(𝐵,𝑏𝑜

6
. Using Equation (24), Jmax can be estimated for varous 

yield strengths and specimen dimensions as shown in Figure 14 

for a mini-CT having a thicknes (B) of 4 mm (0.157") and a 

ligament (bo) of 2.5 mm (0.098 in); 
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FIGURE 14: VALUES FOR JMAX BASED ON EQUATION (24) 

For this specimen, the maximum permissible J would be about 

880 kJ/m2 (154 psi-in) for a yield strength of 303 MPa (44,000 

psi).  

As J dominance is predicated on the relevant solution for the 

stress-strain field fully encompassing the region of finite strain, it 

is useful to evaluate this further for the mini-CT in relation to the 

3δt criterion. The finite strain region is associated with significant 

yielding leading to crack tip blunting, and is assumed to 

encompass the FPZ. In order to evaluate the magnitude and 

length scale of the stress and strain fields, analysis was performed 

as before, however non-linear geometry (large strain) was now 

assumed, and a loading level was applied corresponding to LSY 

(
𝑏𝑜𝜎𝑜

𝐽
= 14.3). Figure 15 shows the normalized opening stress 

plotted as a function of normalized distance from the crack tip for 

n = 3, 5, and 10 on the crack plane (θ = 0°). 

FIGURE 15: CRACK TIP STRESS FIELD (LARGE STRAIN 

ANALYSIS) 

The plot shows the decrease in stress near the crack tip due to 

yielding, where the largest decrease was associated with the low 

hardening material (n = 10). For all three cases, the stress profile 

reaches a maximum at a normalized distance of approximately 
𝑟𝜎𝑜

𝐽
= 1 from the crack tip, and tends to converge at a normalized 

distance of 5. The equivalent plastic strain (PEEQ) was also 

determined following the approach used by McMeeking and 

Parks [27] as shown in Figure 16 at θ = 45º for n = 3, 5, and 10. 

 

FIGURE 16: EQUIVALENT PLASTIC STRAIN (PEEQ) AT  

θ = 45° 
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Corresponding to the results shown in Figure 16, the highest 

strain is associated with the low hardening material (n = 10) 

exhibiting the most yielding. The lowest strain is experienced 

by the high hardening material (n = 3). The normalized radial 

distance associated with the finite strain region can be 

estimated based on Equation (25) relating δt to J. For n = 5: 

3𝛿𝑡 = 3𝑑𝑛
𝐽

𝜎𝑜
, where 𝑑𝑛 = 0.3, so 3𝛿𝑡

= 0.9
𝐽

𝜎𝑜
 

(25) 

Therefore the normalized radial distance associated with the 

finite strain region is given by; 

𝑟 = 3𝛿𝑡 = 0.9
𝐽

𝜎𝑜
 𝑜𝑟 𝑟

𝜎𝑜
𝐽
= 0.9 

(26) 

Figure 17 shows the stress and strain fields with the validity 

bounds of the HRR, J-A2 and J-A2-M limits under LSY for n = 5. 

 

 

FIGURE 17: EXTENT OF J DOMINANCE (LARGE 

STRAIN ANALYSIS) 

It is clear that the HRR field extends just past the finite strain 

region. However, the J-A2 and the modified J-A2-M solutions 

both fully encompass the finite strain region and hence the FPZ, 

but significantly extend the range of validity compared with the 

HRR field. 

The damage mechanism that gives rise to ductile fracture is 

associated with the formation and growth of voids ahead of the 

crack tip. It is also well established that stress triaxiality effects 

void growth, and therefore has a strong influence on the initiation 

of ductile tearing [28], [29]. It has been reported in a number of 

studies that subsize C(T) specimens display a systematic 

reduction in the resistance curve compared with larger specimens 

[30], [31], [32], [33], [34], [35]. One possible contribution for 

this behavior is the proximity to collapse of the uncracked 

ligament with increasing load. Implicit in the foregoing analysis 

is that as the load approaches the collapse limit, J dominance is 

lost. Proximity to collapse load is therefore an important 

consideration when testing subsize specimens displaying 

significant ductility where crack extension may take place under 

LSY. For subsize specimens of high toughness material, a clear 

distinction between J controlled crack growth and plastic 

collapse can be somewhat ambiguous [36]. A study carried out 

by Hu and Albrecht [37] on various C(T) specimen dimensions to 

explore the point at which J controlled crack growth gives way to 

plastic collapse. In part, their effort involved the evaluation of 

limit load solutions for C(T) specimens available in the literature. 

They determined that a modified version of Green’s solution [38] 

provided the best result. This solution is given by Equation (27); 

𝑃𝐿 =
2

√3
𝑊𝐵𝜎𝑓 (2.572

𝑅

𝑏𝑜
− 1) (1 −

𝑎

𝑊
)  

𝑅 = √(1.052𝑎)2 + 0.409(2𝑎𝑏𝑜 + 𝑏𝑜
2 − 1.052𝑎  

 

(27) 

The modified Green’s solution was used here to evaluate the 

mini-CT specimen, and compared with specimens ranging from 

2T down to the mini-CT. All specimens had an 
𝑎

𝑊
 of 

approximately 0.5, and were taken from the same formed head 

made of SA516-70 steel. The flow stress of 492 MPa (71,500 

psi) was used based on tensile test results. Using Equation (27), 

the limit load was estimated for the mini-CT and is shown in 

Figure 18. 
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FIGURE 18: LIMIT LOAD AS A FUNCTION OF 
𝑎

𝑊
 FOR 

C(T) SPECIMEN USING MODIFIED GREEN EQUATION 

The results show that the theoretical collapse load would be in 

the range of ~1.74 kN (400 lbf). For reference, a typical load 

displacement curve for one of the mini-CT specimens is shown 

in Figure 19. 

 

FIGURE 19: LOAD-DISPLACEMENT CURVE FOR SA516-

70 STEEL FROM A MINI-CT SPECIMEN 

In order to evaluate the proximity of C(T) test results to plastic 

collapse, Hu and Albrecht plotted the normalized limit load as a 

function of 
𝑎

𝑊
 and compared this to the normalized test load. 

This enables comparison of load-displacement results to plastic 

collapse from specimens of various dimensions and tensile 

strengths. The same approach was followed here for tests on 

SA516-70 steel that included C(T) specimens ranging in size 

from 2T down to 0.16T (mini-CT). The results are shown in 

Figure 20. 

 

FIGURE 20: PLOT OF NORMALIZED LOAD VERSUS 

CRACK DEPTH 

The results indicate that for this series of tests, the mini-CT has 

a load at initiation of ductile tearing that is below the limit load, 

as is a small amount of crack growth ∆
𝑎

𝑊
~0.02 or 0.51 mm 

(0.02 in). Note that the first point represents Ji as measured by 

DCPD, and not JIC as defined in ASTM E 1820-20 

This topic was also studied by Wasylyk and Scherry who 

evaluated the evolution of plasticity in C(T) samples using 

digital image correlation (DIC) [34]. Their work focused on 

304L stainless steel with specimen sizes of 1T, 0.5T and 0.25T 

to assess the suitability of subsize specimens for very high 

toughness materials like stainless steel. Their results showed 

that smaller specimens displayed a reduction in slope of J-R 

curves, as well as lower initation Ji values. DIC images 

indicated extensive plasticity in the uncracked ligament prior to 

crack initiation, and that it ocurred at a progressively lower J 

for the smaller specimens. While this does not immediately 

discount J controlled crack growth, it does suggests that the 

transition from elastic-plastic fracture to plastic collapse is 

immenent. They conducted additional FEA to further examine 

the nature of the failure mechanisms and explain the apparent 

size effects. A local approach was used employing the 

generalized Rice and Tracey model to calculate the onset of 
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ductile failure. The results showed smaller specimens display a 

reduction in JIC and slope in the J-R curve consistent with the 

test data. While they did not evaluate the crack tip stress field to 

evaluate J dominance in the manner discussed here, their result 

highlight the limitations of using subsize specimens to 

characterize very high toughness materials. 

To explore the collapse load more closely, FEA analysis was 

conducted for the three material hardening cases of n = 3, 5, 10 

and (
𝑎

𝑊
) ratios of 0.4, 0.5, and 0.6. The same FEA model was 

used as before, except that a displacement of 1.27 mm (0.05 in) 

was now imposed on the load pin as illustrated in Figure 21, 

and large strain was assumed. 

 

FIGURE 21: FEA MESH USED TO GENERATE LOAD-

DISPLACEMENT CURVES 

The reaction force was taken at the center of the load pin, and 

the load line displacement (LLD) is taken from the node in line 

with the pin in the crack plane. The results indicate the collapse 

load for the three hardening exponents are ~4 kN (912 lbf) for n 

= 3, ~ 2.1 kN (492 lbf) for n = 5, and ~ 320 lbf for n = 10. 

Comparing these results with Figure 19, where the hardening 

exponent was between 5 and 10, emphasizes the need to 

consider proximity to collapse when testing miniature fracture 

toughness specimens. As indicated by Wasylyk and Scherry 

[34], it may not be possible to obtain valid data on the upper 

shelf for very high toughness materials using the mini-CT 

specimen. In some cases it may be possible to obtain a valid 

measurement of initiation toughness, but not valid crack 

growth. 

As already mentioned, various studies suggests there exists a 

specimen size effect on the J-R curve, particularly for subsize 

specimens in the range of the mini-CT. It should be pointed out, 

however, that other studies have not observed this effect and 

this remains a topic of debate [39], [40], [41]. With regard to 

studies of the mini-CT specimen, various approaches have been 

investigated to account for observed differences in toughness. 

Some are empirical or semi-analytic corrections to test data, 

while others employ a phenomenological approach. Lucon et 

al. described several methods bringing mini-CT J-R results in 

line with 1T specimens using empirical approach [42]. Scibetta 

et al. performed FEA to explore the application of the crack tip 

opening angle (CTOA) as well as a micromechanical model 

based on the Rice and Tracey void growth relationship. Scibetta 

et. al found that use of the CTOA to be the most promising 

[43]. Stratil et al. employed a scaling factor based on dissipated 

energy at maximum load and applied this to a power law to 

adjust the J-R curve [44], [45]. These methods appear useful for 

the materials studied, but may be limited in their applicability 

to materials with different mechanical properties. Shinko and 

Yamamoto recently proposed an explanation for the reduction 

in the J-R curve based on the effect of rotation on smaller 

specimens [46]. Their analysis suggests that for the mini-CT, 

the crack tip plastic zone affects the center of rotation well 

before larger specimens given their close proximity. This in 

turn increases the plastic constraint at the crack tip sooner, and 

therefore affects the shape of the J-R curve. 

In the present study, tests on SA-516-70 steel were conducted 

on specimen ranging in size from of 2T to 0.16T (mini-CT). All 

dimensions were scaled closely to ASTM E 1820-20. Crack 

initiation Ji and growth were measured using DCPD, and J 

calculated using the normalization method in ASTM E 1820-

20. These calculations were implemented using MATLAB code 

developed by Oak Ridge National Lab (ORNL) [47]. The 

results are shown in Figure 22. 

  

FIGURE 22: AVERAGE J-R CURVES FOR A516-70 
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The horizontal dotted lines show a comparison of the current 

ASTM E 1820-20 validity criteria for the mini-CT of Jmax =174 

kJ/m2 (30.8 psi-in) as well as the J-A2-M limits derived here of 

Jmax =352 kJ/m2 (61.6 psi-in) and ∆amax = 0.99 mm (0.038"). As 

indicated based on the limit load analysis, the extent of valid 

crack growth is unlikely to approach the ASTM E 1820 

crierion, and more reasonably in the range of about ∆a = 0.32 

mm (0.013 in). Note that significantly greater crack extension 

was observed in the tests for the larger speciumens, but only 1.2 

mm (0.047 in) of growth is shown in Figure 22 to better 

illustrate the limits for the mini-CT speicmen. 

In the application of data derived from subsize specimens for 

defect assessment, particularly as small as the mini-CT, it 

should be recognized that results do appear to differ from larger 

specimens, and that the general trend for the mini-CT appears 

to result in a conservative estimate of toughness. When using 

data obtained from small specimens displaying high toughness, 

the validity should be examined prior to application for defect 

assessment. 

5. CONCLUSIONS 

Full field J-A2 and J-A2-M asymptotic solutions have been used 

to characterize the crack tip stress fields for the mini-CT 

specimen following the procedures of Chao and Zhu [8]. The 

analysis shows the maximum limit of J to be 𝐽𝑚𝑎𝑥 =
(𝐵,𝑏𝑜)𝜎0

5
, 

close to the findings of Chao et al. for the SEN(B) geometry 

[2]. The results suggest the feasibility of using the mini-CT 

specimen to obtain valid measurement of initiation Ji on the 

upper shelf, and possibly some limited crack growth for typical 

pressure vessel steels. However, for reasonably high toughness 

steels, the value of Ji may approach or exceed the estimated 

collapse load, and therefore should be carefully considered 

prior to application in a defect assessment.  

In a second phase of this study, the critera developed here will 

be applied to tests of various size C(T) specimens from steels 

with both a high and low toughness. Further examination of the 

limits of J controlled crack growth and onset of plastic collapse 

is planned. This will be investigated using micromechanical 

damage models of the Gurson type to help explain the 

difference in J-R behavior of various specimen sizes and 

perhaps provide a technically justifiable means of adjusting 

mini-CT test results to an equivalent 1T geometry. 
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APPENDIX 2 

      
J-A2 J-A2-M 

n step ∆ (in) J  

(psi-in) 

KJ  

(psi-√in) 

𝒃𝒐𝝈𝒐
𝑱

 
Radius  

(in) 

𝒓𝝈𝒐
𝑱

 A2 Radius  

(in) 

𝒓𝝈𝒐
𝑱

 A2 

 

 

3 

5 0.002 57 43,229 122.3 0.0137 10.6 -0.78 0.0490 38.01 -0.76 

10 0.004 160 72,624 43.3 0.0203 5.59 -0.71 0.0419 11.53 -0.71 

15 0.006 300 99,437 23.1 0.0290 4.25 -0.65 0.0773 11.35 -0.72 

20 0.008 471 124,589 14.7 0.0387 3.61 -0.61 0.0775 7.24 -0.58 

 

 

5 

5 0.002 65 46,341 106.4 0.0116 7.87 -0.38 0.0151 10.23 -0.34 

10 0.004 182 77,530 38.0 0.0205 4.95 -0.38 0.0289 6.98 -0.32 

15 0.006 324 103,418 21.4 0.0292 3.97 -0.42 0.0472 6.4 -0.32 

20 0.008 484 126,274 14.3 0.0417 3.79 -0.47 0.0604 6.49 -0.33 

 

 

10 

5 0.002 70 48,141 98.6 0.0126 7.87 -0.16 0.0154 9.67 -0.12 

10 0.004 200 81,264 34.6 0.0213 4.68 -0.22 0.0287 6.31 -0.15 

15 0.006 346 106,754 20.0 0.0301 3.84 -0.28 0.0467 5.94 -0.19 

20 0.008 500 128,327 13.9 0.0414 3.65 -0.32 0.0597 5.25 -0.22 

 

 

 


